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Evolution of Radiolarian Mirifusus (Marine Plankton) and Mechanical Optimization of
Frame Structure

– Structual Mechanichal Verification of Succession of Its Skeleton Shape –
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We discussed the evolution of the skeleton of radiolaria (marine plankton) from a viewpoint of

optimization process of frame structure. The genus Mirifusus, a group of Mesozoic radiolaria,

has a character of detailed and geometric frame between segments. The geometric framework

was evolved from combination of pentagon and rhombus to triangle through pentagon. We

treated such frameworks as two dimensional rigid frames with periodic boundary condition. We

obtained normalized displacement of upper-side under the condition of compress or tortional

force for each framework. The results show that the triangle structure is most effective if the

2-D frame is applied both of compress and torsional forces in most cases. Such a structure

corresponds to final frame structure of genus Mirifusus during its evolution process.
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ï�” V �t�‘�l�o�>���b�”�}�Á

�Í�i�Í�å�Ý�”�» β �›�;�M�o V = βH3 �q¯�b�q�|

r2 =
βH3

nπl
(1)

�p�K�”�}�\�\�p�| l �x�â�Ç�¿�Ä�·�ç�t�S�Z�”æ�P�w�Õ�^

�w
ï�è�p�K�“�| H �| α�| n �w���t�|�â�Ç�¿�Ä�·�ç�w��	Ý

�›¯�b�Í�å�Ý�”�»�t�‘���b�”�}�^�’�t�| H �›�;�M�o�Á

�Í�i�=�`�h�Õ�^ r′ = r/H �S�‘�| l′ = l/H �›�;�M�”�\

�q�t�‘�l�o�|

r′2 =
β

nπl′
(2)

�q�s�”�}


…�:j�ø i �q j �w
…�:�›�†�z�t�‹�mæ�P ij �w�ö
Q

�Ú�Ä�æ�«�µ Kij �x�|

Kij =
AE

kijH
Ka

ij(θij) +
EI

(kijH)3
Kb

ij(θij , kij) (3)

�q¯�d�”�}�\�\�p�| Ka
ij �q Kb

ij �x�|�f�•�g�•�à�—�S�‘

�|�Â�[�Þ�”�Ý�ï�Ä�t�����b�”�Á�Í�i
:�p�Ï
R�^�•�h�Ú

�Ä�æ�«�µ�p�K�”�} kijH �xæ�P ij �w�Õ�^�›¯�`�| θij

�x x �à�w
Y�w�M�²�qæ�P ij �U�s�b�¯�p�K�”�}���w�Ø


u�q�…�Ø�Ë�Í�Þ�”�Ý�ï�Ä�›�;�M�o�|

Kij = EH
πr′4

4k3
ij

(
Ka

ij(θij) +
4k2

ij

r′2
Kb

ij(θij , kij)

)
(4)

�U�‹�T�•�”�}�Ü (4) �q�Ü (2) �›�;�M�”�\�q�t�‘�l�o�|�â

�Ç�¿�Ä�·�ç�w�ö
Q�Ú�Ä�æ�«�µ�›¯�q�b�”�\�q�U�p�V�”�}

3. Type 2 �w�r
s�Þ�Ã�ç�q�f�w�A�L

3.1 �Þ�Ã�ç


$ –4 �t Type 2 �Ï���w�Û�Ü
$�q�Ï���›�>���b�”�Í�å

�Ý�”�»�›�Ô�b�}
:�È�x
…�:j�ø�›¯�`�o�M�”�}�¯�S θ

�xæ�P 23 �U x �à�w
Y�w�M�²�q�s�b�¯�w�G�V�^�p�K�”�}

�o	m�=�w�h�Š�t�|æ�P 12 �w�Õ�^�qæ�P 34 �w�Õ�^�›�s

�`�M�q�`�h�}�\�•�x Mirifusus ���w���¨�T�’�_�”�v�“

�ð�J�U�s�M�>���p�K�”�}æ�P 23 �qæ�P 32 �x	*�8�¥�„

	Ú�E�q�M�O
M�v�T�’�Õ�^�U�s�`�X�s�”�}�f�w�h�Š�|�â

�Ç�¿�Ä�·�ç�w�Ï���x�|�ô�^ H �|�ž�µ�Ö�«�Äz a�|�f�`

�o�|�¯�S�Í�å�Ý�”�» θ �w
Ê�ˆ�ù�˜�d�p�>���^�•�”�} θ



θ
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$ –4 Type 2 �w�Û�Ü
$�}��	��¨�w�Ž�—�¢���•�y	V�Y	O�|�ƒ�•
�d�œ�…�Y	O�£�f�•�g�•�t�m�M�o
…�: 1 �w�!�•�›�Ð�‚�h�}

�U�‹�l�q�‹�G�V�X�s�”�q�V�| Type 2 �x Type 3 �q�‰�a

���t�s�”�}�b�s�˜�j�| Type 3 �x Type 2 �w�›	��s��”

�µ�p�K�”�}

�o	m�s�-�‰�T�’�|æ�P 12 �S�‘�|æ�P 34 �w�Õ�^�x�|

H

2

(
1 − tan θ

2a

)
�p�K�“�|æ�P 23�¢�S�‘�|æ�P 32�£�w�Õ�^�x�|

H

2a cos θ

�p�K�”�\�q�U�‹�Z�”�}	H�l�o�|�Á�Í�i�=�^�•�h�â�Ç�¿

�Ä�·�ç�K�h�“�wæ�P�Õ�^�w
ï�è l′ �x�|

l′ =
1

a cos θ
+ 1 − tan θ

2a
(5)

�p�K�”�}


²
…�p	\�‚�h�‘�O�t�|�Ë	��¨�w�Ž�—�›
…�: 1 �t�x�h

�’�T�d�|�f�w�!�•�›�{�Š�h�}�{�q�m�è�w��”�µ�p�x�|æ

�P 12 �q�‰�°�Ú
¢	Í�t�s�”�‘�O�t�Y	O P/n �›�x�h�’�T

�d�o
…�: 1 �w y �à�M�²�w�!�•�w�G�V�^�›�Ð�‚�h�}�‹�O

�{�q�m�w��”�µ�p�x�|æ�P 12 �t
(�Ú�t�s�”�‘�O�t�Y	O

P/n �›�x�h�’�T�d�o
…�: 1 �w x �à�M�²�w�!�•�w�G�V�^

�›�Ð�‚�h�} α�| n�| θ�|�f�`�o β �›�)�Q�”�\�q�t�‘�l�o�|


…�: 1 �w�Á�Í�i�=�`�h�!�•�U�{�Š�’�•�”�}�\�w�!�•�x

�r
s�r�U�{�Š�’�•�”�U�|�Ü�w�‡�‡�p�x�f�w
Q�í�U�˜�T

�“�n�’�M�w�p�|�Ž�<�p�x�M�X�m�T�w�¹�:�T�’�f�w�A�L

�›�_�”�\�q�t�b�”�}

n �t�x�Ï���t�‘�l�o�>���^�•�”c�“�U�K�”�}�<�v�x

æ�P 12 �qæ�P 34 �w�Õ�^�U�¸�é�t�s�”�q�V�p�|Æ�s�Ü�|

tan θ ≤ 2nα (6)

�p
M�v�^�•�”�}�\�•�x�s�ø�w�q�V�t Type 3 �w�Ï���›

¯�`�o�M�”�q�‰�Ì�t�| n �U�)�Q�’�•�h�q�V�w θ �w	Í�v

�›�>�Š�”�Ü�p�‹�K�”�}	Í�v�xæ�P 12 �•æ�P 34 �w� �^

�U�â�Ç�¿�Ä�·�ç�wï�›�Ò�Q�s�M�\�q�p�|

2r < L/n (7)
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$ –5 Type 2 �t�S�Z�”æ�P�w
ï�”�t�‘�”�!�•�w�¯�S�‘��
Q
�w�§�M�}	Í�x�¯�S�‘��
Q�›¯�`�|�����x�!�•�U�7	–�t
�s�”�: θ∗ �›¯�`�o�M�”�}�<�w
$�x�|	Í�w
$�p�Ô�`�h
�f�•�g�•�w β �t�S�M�o θ∗ �›�;�M�h�q�V�w�Ï���›�Ô�`
�o�M�”�}

�p�K�”�}�\�w�~�h�m�w
M�v�T�’�| n �wc�“�|

tan θ

2α
< n <

γα +
√

(γ cos θ)2 + 4γ(1 − sin θ)
2α cos θ

(8)

�U���‡�”�}�\�\�p�|

γ =
π

4α3β

�p�K�”�}

3.2 �¯�S�‘��
Q

α �| n�|�f�`�o β �›�{���`�h�q�V�t���Ú�M�²�w �!�•

�U�‹�l�q�‹	–�^�X�s�” θ �›�{�Š�”�ð�J�›�U�|�`�h�} θ

�wc�“�x�7�‹�¿�M	Ô�ù�p�| 0 ≤ θ ≤ π/2 �p�K�”�U�|	Í

�t	\�‚�h�‘�O�t�|�Ü (6) �t�‘�”�Ï��	Í�w
M�v�U�K�“�|

0 ≤ θ ≤ arctan(2nα) (9)

�p�K�”�}�Ž�<�p�x�!�•�›�7	–�t�b�”�¯�S�Í�å�Ý�”�» θ

�› θ∗ �q¯�b�\�q�t�b�”�}

�x�a�Š�t�|�y	V�Y	O�w�‹�q�p�| n �›�{���`�o β �w�‹

�›�!�Q�|�f�•�g�•�w	Ô�ù�w�!�•�w θ �‘��
Q�›�Ð�‚�h�}


$ –5 �t�| α = 0.1, n = 20 �w�‹�q�p�| β = 0.5, 1, 2,
�f�`�o 3 �w	Ô�ù�w�!�•�w�¯�S�‘��
Q�›�Ô�b�} æ�P�U� 

�M�„�r�!�•�x	–�^�M�\�q�x�×�Ì�p�K�”�U�|�~�Š�o�f�•

�U�¬�Ý�p�V�h�}�‡�h�| θ∗ �x β �tÄ�ò�p�x�s�X�|�b�‚

�o�‰�a�‹�›�q�”�\�q�U�˜�T�l�h�} 
$ –5 �p�x�|�‰�Ì�t θ∗

�›�;�M�h�q�V�w�Ï���‹�Ô�`�o�M�”�} �K�q�p�Ô�b�‘�O�t�|

θ∗ Ç�Ù�p�!�•�U�„�…�°���t�s�”�\�q�x�| Type 2 �Ï��

�t�y	V�Y	O�›�x�h�’�T�d�h�q�V�t�ž�è�`�o�ˆ�’�•�”�›

�Ã�p�K�”�}
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$ –6 Type 2 �t�S�Z�” n �t�‘�”�!�•�w�¯�S�‘��
Q�w�§�M
�¢�y	V�Y	O�£�}	Í�x�¯�S�‘��
Q�›¯�`�|�����x�!�•�U�7
	–�t�s�”�: θ∗ �›¯�`�o�M�”�}�<�w
$�x�|	Í�w
$�p�Ô
�`�h�f�•�g�•�w n �t�S�M�o θ∗ �›�;�M�h�q�V�w�Ï���›
�Ô�`�o�M�”�}

�Í�t�|�y	V�Y	O�w�‹�q�p , α = 0.1 �T�m β = 0.1 �t�{

���`�o�|�Ü (8) �wc�“�º�p n �›�!�Q�|�!�•�w�¯�S�‘��


Q�›�Ð�‚�h�}�A�L�› 
$ –6 �t�Ô�b�}æ�P�U�I�X�s�”�q�M

�O�y	t�›���Š�o�‹ n �U�G�V�M�„�r�!�•�U	–�^�X�s�”�\

�q�U�˜�T�l�h�} �‡�h�| n �U�G�V�M�Ì�t�x�|�!�•�U�7	–

�t�s�” θ∗ Ç�Ù�p�!�•�x�„�…�°���t�s�”�s�”�\�q�|�b

�s�˜�j�|�¯�S�‘��
Q�U	–�^�X�s�”�\�q�‹�˜�T�l�h�} θ∗

�x�r�w	Ô�ù�‹ π/3 �›	—�`�Ò�Q�h�‹�t�K�“�| n �U�G�V�M

�„�r π/3 �t�Ù�n�X�} n �U�G�V�X�s�”�q�â�Ç�¿�Ä�·�ç�w

�ž�µ�Ö�«�Äz a �U�G�V�X�s�”�h�Š�| æ�P 12 �S�‘�|æ

�P 34 �U
¶�.�w�Gæü�›
Ž�Š�”�\�q�t�s�”�}�\�•�x�|æ

�P 23�¢�S�‘�|æ�P 32�£�w y 
Rü�w�Õ�^�U	–�^�X�s�”

�\�q�U�g���p�K�”�q�ß�Q�’�•�”�}�f�w�A�L�q�`�o�2�ö

�›
\�a�”�D�ó
Q�U�K�”�}�Š�Z�€�p�x�2�ö�r
s�›�æ�l�o

�M�s�M�U�| n �U�G�V�M�h�Š�t�2�ö�›
\�a�•�b�X�s�”�q


*���^�•�”�Ï���x
\ú�w�ª�q�`�o�x�&�`�o�M�s�M�q�ß

�Q�’�•�”�}

�y	V�Y	O�w�A�L�q�x�o�t�|�d�œ�…�Y	O�w	Ô�ù�t�x�| n

�U�G�V�M�„�r�!�•�U	–� �̂X�s�”�\�q�U� �̃T�l�h�} α = 0.1
�T�m β = 0.1 �w�‹�q�p�| n �w�‹�t�‘�”�!�•�w�¯�S�‘��


Q�›�-�‰�`�h�A�L�› 
$ –7 �t�Ô�b�}�y	V�Y	O�w	Ô�ù�tz

�‚�”�q�|�¯�S�‘��
Q�x�G�V�X�| θ∗ 	*�%�p�‹�Ñ�å�¿�Ä�q

�x�t�Q�s�M�} n �U�G�V�M�„�r θ∗ �x�G�V�X�s�“�|æ�P

12 �•æ�P 34 �q�M�l�h y �à�q�‰�a�²�V�›�‹�m æ�P�w�Õ

�^�›�n�’�b�\�q�p�d�œ�…�t�0�b�”��Å�›�®�p�‘�X�î�q

�b�”�\�q�U�˜�T�l�h�}
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$ –7 Type 2 �t�S�Z�” n �t�‘�”�!�•�w�¯�S�‘��
Q�w�§�M
�¢�d�œ�…�Y	O�£�}	Í�x�¯�S�‘��
Q�›¯�`�|�����x�!�•�U
�7	–�t�s�”�: θ∗ �›¯�`�o�M�”�}�<�w
$�x�|	Í�w
$�p
�Ô�`�h�f�•�g�•�w n �t�S�M�o θ∗ �›�;�M�h�q�V�w�Ï��
�›�Ô�`�o�M�”�}
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$ –8 Type 1 �w�Û�Ü
$�}��	��¨�w�Ž�—�¢���•�y	V�Y	O�|�ƒ�•
�d�œ�…�Y	O�£�f�•�g�•�t�m�M�o
…�: 1 �w�!�•�›�Ð�‚�h�}

4. Type 1 �w�r
s�Þ�Ã�ç�q�f�w�A�L

4.1 �Þ�Ã�ç


$ –8 �t Type 1 �Ï���w�Û�Ü
$�q�Ï���›�>���b�”�Í�å

�Ý�”�»�›�Ô�b�}
…�:�w
:�U 1 �i�Z
ÿ�Q�”�‹�w�w Type
2 �q�2�?�¶�$�s�¨�Å
Q�U�¬�Ý�p�V�”�} �G�V�X�Ÿ�s�”�:

�x y �à�M�²�t���æ�sæ�P�U�| Type 1 �w	Ô�ù�t�x�‰�°

�Ú
¢	Í�t�K�”�¢�‰�a�•
ì�t�K�”�£�\�q�p�K�”�}�f�w�h

�Š�| Type 1 �q Type 2 �x�Í�å�Ý�”�»�w�‹�›�!�Q�”�i�Z

�p�x� �æ�b�”�\�q�U�p�V�s�M�} θ �w�G�V�^�x�|�¤���w

�{�`���U�r�w���S�N�ý�b�”�w�T�›�Ô�b�w�ˆ�p�K�“�|�f

�w�Ã�v�p�x�{�`���w�ˆ�T�’�Ï
R�^�•�”��
Ê�Ï���U�p�V



�”�i�Z�p�K�”�}�f�w�h�Š�| Type 1 �q Type 2 �w�����x�|

Type 3 �U Type 2 �w�›	��s��”�µ�p�K�”�\�q�q�x	—�`

�Ä	Ø�U�Ÿ�s�”�}

��o�A�L�T�’ �Ž�<�t�Ô�b�0	¶
Q �›�>���`�o�|�Ï���›�>

���b�” �Í�å�Ý�”�»�w
:�›�n	—�^�d�h �}�x�a�Š�t�| Type
2 �q�‰�a�‘�O�t�|æ�P 12 �qæ�P 45 �U�s�`�M�q�`�h�}�^

�’�t�|æ�P 12 �qæ�P 23 �U�s�b�¯�S�qæ�P 34 �qæ�P

45 �U�s�b�¯�S�U�s�`�M�q�`�h�}�\�•�’�w�>���t�‘�l�o�|

Type 2 �w	Ô�ù�q�‰�7�t�|�{�q�m�w�Ï���Í�å�Ý�”�»�w�ˆ

�p
¶�.�w�Ï���U�>�‡�”�}

æ�P�Õ�x Type 2 �q�‰�a�M�O�p�-�‰�b�”�\�q�U�p�V�|

�Á�Í�i�=�^�•�h�â�Ç�¿�Ä�·�ç�K�h�“�wæ�P�Õ�^�w
ï�è

l′ �x�|

l′ = 2
(

1
a cos θ

+ 1 − tan θ

a

)
(10)

�p�K�”�}

�ž�µ�Ö�«�Äz�›�>�Š�”ü�Â
: n �wc�“�‹ Type 2 �q

�‰�7�t�{�Š�”�\�q�U�p�V�|

tan θ

α
< n <

γ′α +
√

(γ′ cos θ)2 + 4γ′(1 − sin θ)
2α cos θ

(11)
�U���‡�”�}�\�\�p�|

γ′ =
π

2α3β

�p�K�”�}

4.2 �¯�S�‘��
Q

Type 2 �w	Ô�ù�q�‰�7�t�| α �| n�|�f�`�o β �›�{��

�`�h�q�V�t���Ú�M�²�w�!�•�U �‹�l�q�‹	–�^�X�s�” θ �›

�{�Š�”�ð�J�›�U�|�b�”�} Type 1 �w	Ô�ù�‹�Ï��	Í�w
M�v

�T�’�|�Ï���Í�å�Ý�”�» θ �wc�“�x�|

0 ≤ θ ≤ arctan(nα) (12)

�q�s�”�}�\�wc�“�p�!�•�w θ �‘��
Q�›�Ð�‚�|�!�•�w�G

�V�^�›�7	–�t�b�”�Ï���Í�å�Ý�”�» θ∗ �›�{�Š�h�}

�y	V�Y	O�w�‹�q�p , α = 0.1 �T�m β = 0.1 �t�{���`

�o�| Type 2 �w	Ô�ù�q�‰�a n �›�;�M�o�|�!�•�w�¯�S�‘

��
Q�›�Ð�‚�h�}�A�L�› 
$ –9 �t�Ô�b�} Type 2 �w	Ô�ù�q

�x�Ÿ�s�“�|�A�L�x�o�Ð�n	—��
:�p�K�“ θ∗ �x θ �w�7�G

�‹�t�s�l�o�M�”�} 
$ –9 �w�<�t�Ô�`�h�Ï���T�’�‹�˜�T�”

�‘�O�t�|�\�•�x�¤���t�K�l�h�{�`���U
¶�.�›
Ž�Š�”�\

�q�t
ì�p�`�o�M�”�}

�y	V�Y	O�q�‰�a	Ú�E�w�‹�q�p�d�œ�…�Y	O�›�x�h�’�T

�d�h�q�V�w�A�L�› 
$ –10 �t�Ô�b�} θ �‘��
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