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η
dri

dt
= −∇i (UI + UD) (1)

• η �x�Ù�Â�ï�³�ß�ç�¤�É�ç�ª�”�w���è�w�^�d�M�›�>���b�”�Ž�r
��
:

• ri �x i 
j�è�w�Ö�:�w�•�” ri = (xi, yi, zi)
• ∇i �x i 
j�è�w�Ö�:�t�m�M�o�w�•�”�t���b�”
•
ü�›
¯�b�}

∇i = (∂/∂xi, ∂/∂yi, ∂/∂zi)
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NH �Þ�Ã�ç�t�S�Z�”�Ù�Â�ï�³�ß�ç
�%�Õ�w
ï�è

UI =
∑
<ij>

σαβ |ri − rj | = σ′
∑
<ij>

|ri − rj | (2)

���¯���w�Ø
u�w�y�’�m�V�¢
ü�„ × �Ø�w
:�£

UD =
∑
α

ρα(h0
α)2
(
Sα − S0

α

)2 (3)

= ρ′
∑
α

(
Sα − S0

α

)2 (4)

���Ø�~�¯���w	Ô�ù

Sα =
1
2
k ·
[(

ri − rj′′
)
×
(
rj′ − rj′′

)]
(5)

�›	��s���¯���›�ß�Q�s�M�w�p�|�Í�å�Ý�”�» σαβ �q ρα(h0
α)2 �x	Ô

	t�t�‘���`�s�M�q�`�h�}
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η
dri

dt
= −σ′

(i)∑
j

ri − rj

|ri − rj |

−ρ′
(i)∑
j

(
Sij − S0

ij

) [
(rj′ − rj′′) × k

]
(6)

�\�w�M���Ü�›�•�Ø	Í�t�¦�Á�b�”�\�q�›�U�|�b�”�}
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1

θ1

θ2 θ3

θ4

O

r1

S

2
3

4

r2

d


$�x�•�Ø���¯���w�«�}

• �%�›�m�X�”
¢�x�G��
�€�p�K�”�}	H�l�o�:
1 �q�: 2 �w�‘�m�x�|

d = cos−1 (r1 · r2) .

• n �x�w�Ö�:�p�Ï
R�^
�•�”�•�Ø���¯���w�Ø

u Sn �x�|�º�¯�w�è
�T�’ (n − 2)π �›�¾�M
�h�‹�w�}

Sn =
n∑

i=1

θi−(n − 2)π
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S =
4∑

i=1

θi − (4 − 2)π

= − cos−1

(
(r4 × r1) · (r1 × r2)
|r4 × r1| |r1 × r2|

)
− cos−1

(
(r1 × r2) · (r2 × r3)
|r1 × r2| |r2 × r3|

)
− cos−1

(
(r2 × r3) · (r3 × r4)
|r2 × r3| |r3 × r4|

)
− cos−1

(
(r3 × r4) · (r4 × r1)
|r3 × r4| |r4 × r1|

)
+2π

�¢�7�™�w 2π �x���m�w θi �f�•�g�•�t π �U�K�”�h�Š�£
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UI = σ′
∑

<i,j>

cos−1 (ri · rj) (7)

UD = ρ′
∑
α

(
Sα − S0

α

)2
Sα �x�•�Ø���¯���w�Ø
u�w�¬�Ü�›�;�M�o�-�‰�b�”�} S0

α �x�Ø�w
:�›
N �q�S�X�q�|

S0
α = 4π/N
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Sij = − cos−1
(
aij′ · aj′j”

)
−cos−1

(
aj′j” · aj”i

)
−cos−1

(
aj”i · aij′

)
+S̄

(8)

�\�\�p�|

aij = (ri × rj)/ |ri × rj |

�q�`�o�M�”�} S̄ �x ri, rj′ , rj′′ �›���‡�s
�M�ò�w	B�‡�“�›�Ô�b�}

(ij)

(ij’ )

(ij”)

j’

j”

j
i O
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VD �M���Ü�¢�f�w�
�£

η
dri

dt
= σ′

(i)∑
j

rj√
1 − (ri · rj)

2

−ρ′
(i)∑
j

(
Sij − S0

ij

)
∆Si,j

(
ri, rj′ , rj”

)
�H�
�ò�x UI �w�/�)�|�H���ò�x UD �w�/�)�} ∆Sij �x�Í�w�‘�O�t

¯�^�•�”�}
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∆Si,j

(
ri, rj′ , rj”

)
= − 1√

1 −
(
aij′ · aj′j”

)2
∣∣rj′
∣∣2 (ri · aj′j”

)∣∣ri × rj′
∣∣2 aij′

− 1√
1 −

(
aj′j” · aj”i

)2 |rj”|2
(
ri · aj′j”

)
|rj” × ri|2

aj”i

+
1√

1 −
(
aj”i · aij′

)2
(

rj′ × aj′′i∣∣ri × rj′
∣∣ +

aij′ × rj′′∣∣rj′′ × ri

∣∣
)

−
(
aj′′i · aij′

)√
1 −

(
aj′′i · aij′

)2
(

rj′ × aij′∣∣ri × rj′
∣∣ +

aj′′i × rj′′∣∣rj′′ × ri

∣∣
)
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®gure 2. In this process the short edge is rotated clockwise by 908 around the middle
point of the edge, keeping its length D. The length D is the shortest length in our
model.

Our model consists of the equations of motion given by equation (6) and the
switching process shown in ®gure 2. The equations of motion guarantee that the
total energy U ˆ UI ‡UD always decreases whenever each vertex moves according
to equation (6), since we have the following general inequality from equation (3):

dU

dt
ˆ

i

dri

dt
· riU ˆ ¡²

i

dri

dt

2

4 0: …7†

On the other hand, the switching process gives rise to a new con®guration by
changing the connection of vertex pairs and leads to a further reduction in U .

Equation (6) contains ®ve parameters ²;¼¬�;�¬;h0
¬ and S0

¬ which, with the excep-
tion of ², generally depend on the species of each cell. In this paper, we consider a
system which consists of one species and equivalent cells. Hence we shall now drop
the subscripts ¬ and � except that we shall consider the ¬ dependence of S0

¬ in and
after } 5.

The lowest-energy state is the honeycomb pattern which consists of regular
hexagons with equal areas in a system consisting of one species of cells. This is
because the total length of the cell boundaries is the shortest and there is no defor-
mation in the honeycomb pattern.

When Nc cells exist in a rectangular region of size Lx £Ly, each cell has an area
S0 ˆ LxLy=Nc ˆ …33=2=2†…l0†2

, where l0 denotes the length of one edge of a regular
hexagon and the periodic boundary condition is imposed. Therefore, the lowest total
energy of the system is U ˆ U0 ˆ 3Nc¼l0. Generally the total energy is higher than
U0 and also dependent on the coe�cient � of cell deformation.

} 3. Analysis of the average motion of a cell
In this section, we shall apply equation (3) to the special case of the symmetric

con®guration shown in ®gure 3. Then we shall elucidate the essential properties of
the two forces in our model analytically. Furthermore, we shall discuss the condition
required as a model for epithelial tissues.

We consider the motion in ®gure 3 of the central cell which is a regular polygon
(edge number n) surrounded by n equivalent hexagons. Four external vertices of each
neighbour cell are ®xed to make half a regular hexagon with the edge length l0. Then
n vertices of the central cell move radially; for example the point P moves along the

Dynamic cell model for epithelial tissues 703

Figure 2. Switching process of neighbour vertices which describes a topological change in the
system.
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